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Abstract 
All [42,21,8] binary self-dual codes with automorphisms of order 7 are enumerated. Up to 
equivalence there are 16 such codes. These codes are defined with eir generator matrices. ~) 
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I .  Introduct ion 
Conway and Sloane [6] give all possible weight enumerators of binary self-dual codes 
of length not exceeding 72 having highest possible minimum distance. These codes are 
called extremal. Every extremal code of length 42 must have weight enumerator 
W(y) = 1 + (84 + 8fl)y 8 + (1449 - 24fl)y 1° + (10640 - 16fl)y 12 + . . . ,  (1) 
where fl is a nonnegative integer, or 
W(y) = 1 + 164y 8 + 697y 1° + 15088y t2 + 33456y 14 + . . . .  (2) 
Codes with weight enumerator (1) exist for fl = 0,1 . . . . .  7 [6]; fl = 42 [6,12]; 
fl = 2,7,12,32 [3]; fl = 0,2,4,6,8,10,14,18,42 [4]; fl = 8,9,10,11 [8]. Codes are 
found in works [13,14] having weight enumerator (2). 
It is known [12] that only the primes 7, 5, 3, and 2 can be orders of automorphisms 
of an extremal code of length 42. In this work we obtain all such codes having auto- 
morphism of order 7. Up to equivalence their number is 16 and they have weight 
enumerator (1) with fl = 0, 7, or 42. 
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2. Construction of the codes 
The method applied has his origin in work [1]. It is developed in [5,9,15,16]. 
To the end of this work let C be a [42,21,8] binary code with automorphism 
a of order 7. Denote by c and f the number of  cycles and the number of fixed 
points in the cycle decomposition of  a. It is known [12] that c is 3 or 6. Let tr = 
(1,2 . . . . .  7)(8,9 . . . . .  14) . . . (7 (c -1 )+ 1 . . . . .  7c). Denote f21 = {1,2 . . . . .  7} . . . . .  t2c = 
{7(c -  1 )+ 1 . . . . .  7c}, f2c+1 = {7c + 1} . . . . .  [2c+f = {7c + f = n}. Let F~(C) = 
{v E C : va = v} and E~(C) = {v E C : wt(vlf2i) = 0 (rood2), i = 1 . . . . .  c+ f} ,  
where v]f2i is the restriction of v on I2i. 
It is known [9] that C = Fa(C) ® E~(C) (a direct sum). Every vector v E F~(C) is 
constant on each cycle. Let n(v) be the vector of length c + f obtained by choosing a 
coordinate of v from f2i, i = 1,2 . . . . .  c+f .  It is known [5,9] that n(F~(C)) is a self 
dual code. 
Let P be a cyclic code of length 7 generated by x - 1. Denote by E~(C)* the code 
E~(C) with the last f coordinates deleted. For v in E~(C)* the restriction vlt2i is an 
even weight vector, 1 <~i<~c. Hence v]12i can be considered as an element from P by 
the usual correspondence (vo, v l , . . . , v6)~ vo + vlx + ... + v6x 6. Thus we obtain the 
map ~ : E~(C)* ~ pc. It is known [9,15] that c~(Ea(C)*) is a P-module. 
The following lemma is a particular case of a result in [15]. 
Lennna 1 (Yorgov [15]). A [42,21] code C with an automorphism a is self-dual if 
and only if the followin9 two conditions hold: 
(i) n(Fa(C)) is a self-dual code of lenoth c + f ;  
(ii) ul(x)vl(x -1) + ... + Uc(X)Vc(X -1) = 0 for every two P-vectors (ul(x) ..... uc(x)) 
and (vl(x) .. . . .  vc(x)) from ~b(Ea(C)*). 
Denote hi(x) = 1 +x+x 3 and h2(x) = 1 "3t'X2+X 3. AS 1 +X+X2+. . .+X 6 = hl(x)h2(x) 
we have P = Ii • 12, where lj is an irreducible cyclic code of  length 7 with parity- 
check polynomial hi(x), j = 1,2. Thus Mj = {u E dp(Ea(C)*)lui E lj, i = 1,2} is a 
code over the field Ij, j -- 1,2. It is known [15] that dp(E~(C)*) =M1 @M2 and 
dimt, MI + dim/, M2 = c. (3) 
The polynomials el = 1 + x + x 2 + x 4 and e2 = 1 + x 3 + x 5 + x 6 generate the ideals 
11 and 12 defined above. Since el(x - l )  = e2(x) and el(x)e2(x) = 0, any code over 11 
satisfies condition (ii) of  Lemma 1. Once chosen, 341 determines M2 and the whole 
dp(E~(C)*). Thus we can examine only/141. 
The next lemma is a consequence of  a result in [16]. 
Lemma 2 (Yorgov [16]). Let the permutation tr defined above be an automorphism 
of the self-dual codes C and C'. A sufficient condition for equivalence of C and 
C' is that C' can be obtained from C applyin9 a product of some of the followin9 
transformations: 
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(i) a substitution x ~ x t in qb(E~(C)*) or in the coordinate positions of any of its 
direct summands, where t is an integer, 1 <<.t ~<6; 
(ii) a multiplication of the jth coordinate of tp(Ea(C)*) by x t,, where tj is an integer, 
O<~tj<<.6, j = 1,2,...,c; 
(iii) a permutation of the first c cycles of C; 
(iv) a permutation of the last f coordinates of C. 
I f  the cyclic group generated by tr is a Sylow 7-subgroup in the full automorphism 
group of C then the above condition is also necessary. 
Lenuna 3. Let C be self-dual and 49 derides the order of its automorphism group. 
Then there is an automorphism of C of order 7 with 21 fixed points. 
Proof. As we mantioned above a has 3 or 6 cycles. We have to consider the case 
when tr has 6 cycles. According to the Sylov theorem there exists a subgroup H of 
order 72 of the automorphism group of C. It is known that every group of order 
72 is Abelian. As H cannot be cyclic it is a direct product of two cyclic groups of 
order 7. Without loss of generality we can assume H = (a)(z) where z is an au- 
tomorphism of C of order 7, trz = za, and (tr) N (z) = {id). Hence we have a = 
z-ltrz = (lz,2z . . . . .  7z)...(36z,37z .. . . .  42z). It follows that I2iz = I2j where 1 ~<i~<6 
and 1 ~<j <~ 6. Thus the group (z) acts on the set of cycles {[21,02 .. . . .  f26}. It is known 
that the length of each orbit is a devisor of 7. Hence the orbits are {I21 }, {02} . . . . .  {06}. 
For i = 0,1 .... ,5 denote (7i + 1)z = 7i +j i+l  + 1 where 0~<ji+l~<6. It follows 
z = ~,~2 ...~66, where trl = (1,2 . . . . .  7), tr2 = (8,9 . . . . .  14),...,tr6 = (36,37,...,42). 
Denote ~ = z-ltr j'. As (tr)A (z) = {id} we obtain that # is not the identity. 
Thus # has order 7 and fixes the point 1. Hence # has exactly 21 fixed points. 
We have /~ = ~1~/3  where 2~<il < i2 < i3~<6 and l~<j~<6. The lemma is 
proved. [] 
2.1. Codes with 21 fixed points 
It is proved in [12] that there exists an extremal code C of length 42 having auto- 
morphism of order 7 with 21 fixed points. It has weight enumerator (1) with fl = 42. 
For that code n(F~(C) is the Golay code of length 24 given in [10] and dp(Eo(C)*) 
is generated over P by the matrix 
(e l  el e l )  
e2 e2 0 . 
e2 0 e2 
Theorem 1. There exists a unique self-dual [42,21,8] code with automorphism of 
order 7 with 21 fixed points. 
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Proof. Now rc(Fa(C)) is a [24,12] self-dual binary code. It is known [5] that there is 
a generator matrix for zr(F,(C)) of the form 
where the matrices A and D have 3 columns, B and E have 21 columns. For the 
ranks of the cells it holds 2r (A)+ r(D) = 3, 2 r (B)+ r(E) = 21, r(D) = r(E), and 
r(A) + r(B) + r(D) = 12. It follows that r(A) = 0 or r(A) = 1. 
Assume r(A) = 1. Hence r(B) = 10 and B generates a [21,10,8] code which con- 
tradicts the table of [2]. 
Thus r(A) = O, r(B) = 9, r(D) = 3, and r(E) = 3. Now B generates a [21,9,8] 
self-orthogonal code G which is unique [7]. It consists of  all vectors in the Golay code 
of length 24 which begin with 3 zeros with these zeros deleted. We can assume that 
D is the identety matrix. Let ul, u2, u3 be the rows of E. These vectors are orthogonal 
to each other and to the rows of B, have odd weight, and are from different cosets 
with respect o the code G. 
Let 
100 Vl 
010 v2 
001 v3 
be a generator matrix of the Golay code of length 24. The vectors 0, vt, v2, v3, vl + v2, 
v~ + v3, v2 + v3, and v~ + v2 + v3 are representatives of the cosets of the dual code 
G ± with respect o G. Only the vectors Vl, v2, v3, vl + v2 + v3 have odd weight. As 
V 1 "q-V 2 -+-V 3 is not orthogonal to the others we have (Ul,U2, U3} ~- {/)1,V2,/)3}. Hence 
7r(F~(C)) is equivalent o the Golay code of length 24. It is proved in [12] that in that 
case C is unique. The theorem is proved. [] 
2.2. Codes without fixed points 
The only other possible type of automorphism of order 7 is with 6 cycles. To the 
end of this section let C be a binary self-dual [42,21,8] code with an automorphism 
a = (1,2 . . . . .  7)(8 . . . . .  14) . . . (36 . . . . .  42). Now zr(F~(C)) is a [6,3] self-dual code. 
As there is a unique such code [11], we can fix the following generator matrix for 
rr(Fo(C)): (1,000 ) 
0 0 1 1 0 . (4) 
0 0 0 0 1 
By Lemma 2 the substitution x ~ x 3 leads to equivalent code. As it interchanges 
I1 and I2 we can assume dimt, M1 ~< diml~ Mz. According to (3) we have to consider 
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only four values for diml, Ml, namely, 0, 1, 2, and 3. The first two values lead to a 
vector of weight less then 8 in C. 
First we consider the case dim/, M1 = 2. 
Lemma 4. I f  dim/, Ml = 2 then up to a transformation (ii) of Lemma 2 there exist 
a generatin9 matrix for Ml of the form 
(0  l el el el el e l )  
a2 a3 a4 a5 a6 
where a2 . . . . .  a6 E h and a2 E {0, el }. 
Proof. It is sufficient to show that there is a weight 6 vector in M1. To do that without 
loss of generality we can assume that there exist a generating matrix for M1 of the 
form 
(O 0 b3 b4 b5 b6) 
el d3 d4 d5 d6 ' 
where bi E {el, 0}, di E I1, i = 3 . . . . .  6. This matrix does not have a zero column (else 
there will be a weight 1 vector in ME and a weight 4 vector in C). Denote rl and rE 
the rows of the last matrix. Choose t E I1 such that tb i ~ di for i = 3 . . . . .  6. Hence 
trl + r2 is a weihgt 6 vector in 11. The lemma is proved. [] 
There are 8192 matrices of the form in the above lemma. Each matrix is fixed by a 
vector 
(a2,a3,a4,as,a6) (5) 
where aj E I1 for j = 3,4,5,6 and a2 E {el,0}. Each matrix together with the matrix 
(4) determines a [42, 21 ] self-dual code. 
The automorphism group of the code generated by the matrix (4) is (Z2 ®Z2 ®Z2)$3 
where Z2 is a cyclic group of order 2 and $3 is the symmetric group of degree 3. It 
is generated by the permutations (1,2), (3,4), (5,6), (1,3,5)(2,4,6), and (1,3)(2,4). 
These permutations yield the following transformations onthe set of vectors determined 
in (5): 
(a2,a3,a4,as,a6) ~ (a2,a3 + a2,a4 + a2,a5 + a2,a6 + a2), 
(a2, a3, a4, as, a6) ~ (a2, a4, a3, as, a6 ), 
(a2, a3, a4, as, a6 ) ~ (a2, a3, a4, a6, a5 ), (6) 
(a2, a3, a4, a5, a6) ~ (a6 + as, a5, a2 + as, a3 + as, a4 + as ), 
(a2, a3, a4, a5, a6) ~ (a4 + a3, a3, a2 + a3, a3 + s, a6 + a3 ), 
where the last two transformations must be followed by multiplication of the vector 
by the inverse of its first coordinate if it is not 0. 
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Substitution (i) of Lemma 2 for t = 2 preserves Zi
transformation
Consider also
201-213
and A4i. Hence we obtain
(7)
(8)
The group generated by the transformations (6x8) splits the set of vectors (5)
into orbits. A computer search shows that there are 35 such orbits. Only 16 of the
corresponding [42,21] codes are of minimum weight 8. Those 16 codes are determined
by the following vectors:
Denote Do,D,,..., Dis the corresponding codes. The code DO is quivalent to the code
obtained in [ 121. All codes have weight enumerators ( 1) with /I = 42 for DO; /3 = 7
for D,, 4; and /I = 0 for the rest.
Assume now that dimI, Mi = 3. The matrix (4) generates again the code Y@,,(C))
Lemma 5. Up to equivalence for C there exist a generator matrix for MI of the
f orm
(
el 0 0 a11 012 a13
0 el 0 a21 a22 a23 ,
0 0 el a31 a32 a33)
where au E Zl for 2 <i, j<3 and uy, uil E {O,el}.
Proof. Let tk any generator matrix A for MI. If its first four columns have
column rank less than 3 we have a nonzero vector in Ml begining with four zeros.
It together with the third row of (4) yield a nonzero vector of weight at most 6
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in C. Thus the column rank of the first four columns of A is 3. The permuta- 
tions (3,4), (1,3)(2,4), and (2,3)(1,4) preserve the code n(F~(C)). Using them on 
A we can obtain a matrix which has linearly independent first three columns. The 
lemma is proved. [] 
The number of all matrices of the form of Lemma 5 is 131 072. Each matrix together 
with the matrix (4) defines a [42,21] self-dual code. Many of these codes are equiva- 
lent. To obtain equivalence classes we use lemma 2. The automorphism group of the 
code with generator matrix (4) is generated by the permutations (1,2), (3,4), (5,6), 
(1, 3, 5)(2, 4, 6) and (1, 3)(2,4). Each of these permutations determines a transformation 
on the set of 131 072 matrices defined above. The group generated by these transfor- 
mations and squaring of all entries of a matrix splits the 131 072 matrices into orbits. 
A computer search shows that there are 21 such orbits. Only one of the corresponding 
[42,21] codes is extremal. It is defined by the matrices (4) and 
0000e0] 
0 el 0 el el 
0 0 el 0 0 el / 
and is equivalent to the code Do. 
Thus we obtain next theorem. 
Theorem 2. The codes Do, D1 . . . . .  Dis defined above are up to equivalence the only 
self-dual [42, 21, 8] codes with automorphism of order 7. 
Proof. It remains to show only that the listed codes are inequivalent. As only Do has 
weight enumerator (1) with fl = 42 it is not equivalent to Oi, i = 1,2 . . . . .  15. According 
to Lemma 3 and Theorem 1 only the automorphism group of Do is 
devisible by 72. As the codes Di, i = 1,2 . . . . .  15 belong to different classes with 
respect o the transformations given in Lemma 2, they are inequivalent. The theorem 
is proved. 
We give binary generator matrices for the 16 codes of the last theorem. The first 
six rows of each matrix are 
111111111111110000000000000000000000000000 
000000000000001111111111111100000000000000 
000000000000000000000000000011111111111111 
111010011101001110100111010011101001110100 
011101001110100111010011101001110100111010 
001110100111010011101001110100111010011101 
and the last 15 rows are given in Table 1. 
208 V. Yoryov/Discrete Mathematics 190 (1998) 201-213 
Table 1 
Matrix Last 15 rows 
DO 
DI 
D2 
000000011101000000000111010000000001110100 
000000001110100000000011101000000000111010 
000000000111010000000001110100000000011101 
100101100000001001011000000000000000000000 
110010100000001100101000000000000000000000 
II1001000000001110010000000000000000000000 
000000010010110000000100101100000000000000 
000000011001010000000110010100000000000000 
000000011100100000000111001000000000000000 
100101100000000000000000000010010110000000 
110010100000000000000000000011001010000000 
111001000000000000000000000011100100000000 
000000010010110000000000000000000001001011 
000000011001010000000000000000000001100101 
000000011100100000000000000000000001110010 
000000011101000000000111010000000000111010 
000000001110100000000011101000000000011101 
000000000111010000000001110100000001001110 
100101100000001001011000000000000000000000 
110010100000001100101000000000000000000000 
111001000000001110010000000000000000000000 
000000010010110000000100101100000000000000 
000000011001010000000110010100000000000000 
000000011100100000000111001000000000000000 
I00101100000000000000000000010010110000000 
110010100000000000000000000011001010000000 
111001000000000000000000000011100100000000 
101110000101110000000000000000000001001011 
010111010010110000000000000000000001100101 
001011111001010000000000000000000001110010 
000000011101000000000111010000000001001110 
000000001110100000000011101000000000100111 
000000000111010000000001110100000001010011 
100101100000001001011000000000000000000000 
110010100000001100101000000000000000000000 
111001000000001110010000000000000000000000 
000000010010110000000100101100000000000000 
000000011001010000000110010100000000000000 
000000011100100000000111001000000000000000 
100101100000000000000000000010010110000000 
110010100000000000000000000011001010000000 
111001000000000000000000000011100100000000 
001011110111000000000000000000000001001011 
100101101011100000000000000000000001100101 
ll0010100101110000000000000000000001110010 
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Table 1. Continued. 
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Matrix Last 15 rows  
D3 
D4 
D5 
000000011101000000000Ill010001110100011101 
000000001110100000000011101000111011001110 
000000000111010000000001110110011100100Ill 
100101100000001001011000000000000000000000 
110010100000001100101000000000000000000000 
Ill001000000001110010000000000000000000000 
000000010010110000000100101100000000000000 
00000001100|010000000110010100000000000000 
000000011100100000000111001000000000000000 
101110000101110000000000000010010110000000 
010111010010110000000000000011001010000000 
001011111001010000000000000011100100000000 
110010101011100000000000000000000001001011 
Ill001000101110000000000000000000001100101 
011100110010110000000000000000000001110010 
000000011101000000000111010001110101001110 
000000001110100000000011101000111010100111 
000000000111010000000001110110011101010011 
100101100000001001011000000000000000000000 
110010100000001100101000000000000000000000 
111001000000001110010000000000000000000000 
000000010010110000000100101100000000000000 
000000011001010000000110010100000000000000 
000000011100100000000111001000000000000000 
101110000101110000000000000010010110000000 
010111010010110000000000000011001010000000 
001011111001010000000000000011100100000000 
001011110111000000000000000000000001001011 
100101101011100000000000000000000001100101 
110010100101110000000000000000000001110010 
000000011101000000000111010001110101010011 
00000000Ill0100000000011101000111011101001 
000000000111010000000001110110011101110100 
100101100000001001011000000000000000000000 
110010100000001100101000000000000000000000 
lll00100000000|ll0010000000000000000000000 
000000010010110000000100101100000000000000 
000000011001010000000110010100000000000000 
000000011100100000000111001000000000000000 
10111000010Ill0000000000000010010110000000 
010111010010110000000000000011001010000000 
001011111001010000000000000011100100000000 
0111001Ill00100000000000000000000001001011 
10Ill0001110010000000000000000000001100101 
010111010111000000000000000000000001110010 
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Table 1. Continued. 
Matrix Last 15 rows 
D6 
D7 
D8 
000000011101000000000011101011101000011101 
000000001110100000000001110101110101001110 
000000000111010000000100111000111010100111 
100101100000001001011000000000000000000000 
110010100000001100101000000000000000000000 
111001000000001110010000000000000000000000 
101110000101110000000100101100000000000000 
010111010010110000000110010100000000000000 
001011111001010000000111001000000000000000 
000000010010110000000000000010010110000000 
000000011001010000000000000011001010000000 
000000011100100000000000000011100100000000 
110010101011100000000000000000000001001011 
111001000101110000000000000000000001100101 
011100110010110000000000000000000001110010 
000000011101000000000011101011101001010011 
O00000001110100000000001110101110101101001 
O00000000111010000000100111000111011110100 
100101100000001001011000000000000000000000 
llO010100000001100101000000000000000000000 
111001000000001110010000000000000000000000 
lOlllO000101110000000100101100000000000000 
OlOlllOlOOlOllO000000110010100000000000000 
O01011111001010000000111001000000000000000 
000000010010110000000000000010010110000000 
000000011001010000000000000011001010000000 
O00000011100100000000000000011100100000000 
OlllO011110010000000000000000000000100101| 
lOlllO001110010000000000000000000001100101 
OlOlllOlOlllO00000000000000000000001110010 
000000011101000000000011101001110101001110 
000000001110100000000001110100111010100111 
O0000000011101000000010011101001110101001! 
100101100000001001011000000000000000000000 
I10010100000001100101000000000000000000000 
lllO01000000001110010000000000000000000000 
lOlllO000101110000000100101100000000000000 
OlOlllOlO010110000000110010100000000000000 
001011111001010000000111001000000000000000 
101110000101110000000000000010010110000000 
OlOlllOlO010110000000000000011001010000000 
OOl011111001010000000000000011100100000000 
001011110111000000000000000000000001001011 
lO0101101011100000000000000000000001100101 
llOOlOlOOlOll10000000000000000000001110010 
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Table I. Continued. 
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Matrix Last 15 rows 
D9 
DIO 
DII 
000000011101000111010001110110011100100111 
000000001110100011101100111001001111010011 
000000000111011001110010011110100111101001 
101110000101111 O01011000000000000000000000 
01011101 O0101111 O0101000000000000000000000 
O01011111 O01011110010000000000000000000000 
11 O0101010111000000001 O0101100000000000000 
111 O0100010111000000011 O010100000000000000 
0111 O011 O010110000000111 O01000000000000000 
O0101111011100000000000000001 O010110000000 
1 O0101101011100000000000000011 O01010000000 
11 O0101001011100000000000000111 O0100000000 
111 O01001110010000000000000000000001 O01011 
0111 O0110111000000000000000000000001 | O0101 
10111000101110000000000000000000000111 O 10 
000000011101000111010001110110011 lOlOlO011 
000000001110100011101100111001001111101001 
000000000111011001110010011110100111110100 
101110000101111 O01011000000000000000000000 
O1011101001 O 111 O0101000000000000000000000 
O01011111001 O 111 O010000000000000000000000 
11 O0101010111000000001 O0101100000000000000 
111 O0100010111000000011 O010100000000000000 
0111 O01 i O010110000000111 O01000000000000000 
O0101111011100000000000000001 O 1 10000000 
1 O0101101011100000000000000011 O01010000000 
11 O0101 O01011100000000000000111 O0100000000 
0111 O01111 O0100000000000000000000001 O 1011 
10111000111 O0100000000000000000000011 O010
01011101011 ! 00000000000000000000000 l 11 O 1  
00000001110100011101000111011001 ! 1 !01001 
000000001110100011101100111001001111110100 
000000000111011001110010011110100110111010 
101110000101111 O01011000000000000000000000 
01011101 O0101111 O0101000000000000000000000 
O01011111 O0101111 O010000000000000000000000 
11 O0101010111000000001 O0101100000000000000 
111 O0100010111000000011 O010100000000000000 
Ol 1100110010110000000111001000000000000000 
O01011110111000000000000000010010110000000 
1 O0101101011100000000000000011 O01010000000 
11 O0101 O0101110000000000000011100100000000 
010111011 O01010000000000000000000001 O01011 
O010111111001000000000000000000000011 O 1  
1 O010110111 O01000000000000000000000111 O010 
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Table 1. Continued. 
Matrix Last 15 rows 
D12 
DI3 
D14 
000000011101000111010001110101001111010011 
000000001110100011101100111010100111101001 
000000000111011001110010011111010011110100 
101110000101111001011000000000000000000000 
010111010010111100101000000000000000000000 
001011111001011110010000000000000000000000 
11 O0101010111000000001 O0101100000000000000 
11 I001000101110000000110010100000000000000 
O11100! 10010110000000111001000000000000000 
111001001110010000000000000010010110000000 
O11100110111000000000000000011001010000000 
101110001011100000000000000011100100000000 
O11100111100100000000000000000000001001011 
101110001110010000000000000000000001100101 
O lO 11101011100000000000000000000000111 O010 
000000011101000111010100111000111011101001 
000000001110100011101010011110011101110100 
000000000111011001110101001101001110111010 
101110000101111001011000000000000000000000 
010111010010111100101000000000000000000000 
001011111001011110010000000000000000000000 
001011110111000000000100101100000000000000 
100101101011100000000110010100000000000000 
110010100101110000000111001000000000000000 
11001010101110000000000000001001 O110000000 
111001000101110000000000000011001010000000 
O11100110010110000000000000011100100000000 
010111011001010000000000000000000001001011 
001011111100100000000000000000000001100101 
100101101110010000000000000000000001110010 
000000011101000000000011101000111010100111 
000000001110100000000001110110011101010011 
000000000111010000000100111001001111101001 
1 O0101100000001 O01011000000000000000000000 
11 O0101000000011 O0101000000000000000000000 
111 O0100000000111 O010000000000000000000000 
101110000101110000000100101100000000000000 
010111010010110000000110010100000000000000 
001011111001010000000111001000000000000000 
11001 O1 O1 O1110000000000000001 O010110000000 
111001000101110000000000000011001010000000 
O11100110010110000000000000011100100000000 
111 O01 O0111 O010000000000000000000001 O01011 
0111 O01101110000000000000000000000011 O0101 
101110001011100000000000000000000001110010 
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Table 1. Continued. 
Matrix Last 15 rows 
D15 000000011101000000000011101010011101101001 
000000001110100000000001110101001111110100 
000000000111010000000100111010100110111010 
100101100000001001011000000000000000000000 
110010100000001100101000000000000000000000 
111001000000001110010000000000000000000000 
101110000101110000000100101100000000000000 
010111010010110000000110010100000000000000 
001011111001010000000111001000000000000000 
001011110111000000000000000010010110000000 
100101101011100000000000000011001010000000 
110010100101110000000000000011100100000000 
010111011001010000000000000000000001001011 
001011111100100000000000000000000001100101 
100101101110010000000000000000000001110010 
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